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Abstract 

We show that the second order field equations characterizing ex- 
tremal solutions for spherically symmetric, stationary black holes are 
in fact implied by a system of first order equations given in terms 
of a prepotential W. This confirms and generalizes the results in 
[14| . Moreover we prove that the squared prepotential function shares 
the same properties of a c-function and that it interpolates between 
^ADM ^BR-> parameter of the near- horizon Bertotti-Robinson 
geometry. When the black holes are solutions of extended supergrav- 
ities we are able to find an explicit expression for the prepotentials, 
valid at any radial distance from the horizon, which reproduces all 
the attractors of the four dimensional N > 2 theories. Far from the 
horizon, however, for A^-even our ansatz poses a constraint on one of 
the U-duality invariants for the non-BPS solutions with Z ^ 0. We 
discuss a possible extension of our considerations to the non extremal 
case. 
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1 Introduction 



Recent progress in the understanding of extremal non-BPS black-hole solu- 
tions in extended supergravities (for a review on black holes in supergravity 
see for example [U [2]) have revived the interest in the physics of extremal 
black holes. 

The peculiar feature of these solutions is the attractor mechanism [31 HI O 
|6l[71[8l[9l[T0l[IIl|12l[T3], according to which the scalar "hair" of the black hole 
runs into a fixed value on the horizon, independently of the boundary con- 
ditions at spatial infinity. For static, spherically symmetric black holes, the 
fixed values of the scalars at the horizon are determined in terms of the quan- 
tized electric and magnetic charges characterizing the solution, as extrema of 
an effective potential Vbh [5]. This induces to expect the radial dependence 
of the scalar fields in each extremal solution to admit a description in terms 
of a system of first order equations: 

oc &'W{<I>) , (1) 

which implies the second order field equations, provided Vbh has a definite 
expression in terms of W and its derivatives. In this description, the attrac- 
tor point $ = is given by the singular point drW{^o) = which is also an 
extremum of Vbh- We will call W the prepotential of the extremal solution. 
This is indeed the case for BPS black holes, whose associated first-order dif- 
ferential equations are implied by the Killing-spinor equations. For the N = 2 
case one finds W = \Z\ where Z is the central charge of the supersymme- 
try algebra. Therefore, the problem has raised of finding the analogous first 
order differential equations, with the associated prepotential, describing the 
non-BPS extremal solutions. Another motivation for developing a first order 
formulation is that it provides a natural framework for defining a c-function 
associated with the radial flow of the fields in these solutions [IS]. In fact, 
as we will show, the squared prepotential is a viable candidate for such a 
function, sharing with it the monotonicity properties along a solution and 
the value taken at the horizon H. 

This problem was first addressed in [H] where, by exploiting the formal 
analogy between extremal black holes and domain wall solutions, explicit 
examples of W corresponding to certain N = 2 non-BPS extremal solutions 
were found. 

^We thank Sandip Trivcdi for drawing this to our attention. 
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It is the aim of the present paper to give a general form of the prepotential 
in extended supergravity which will allow to reproduce the attractor behavior 
of all the known extremal black- hole solutions for > 3. W will be given 
as a function of the [/-duality invariants of the theory built in terms of the 
dressed charges. Different attractors will correspond to different choices of 
the coefficients in W. Let us notice, however, that the general ansatz we 
give for W can be considered as a minimal one reproducing correctly all 
the attractor points of static extremal black-hole solutions in extended four 
dimensional supergravity. However, if we consider the full black-hole solution 
outside the horizon, it turns out that our ansatz requires a restriction, in the 
A^-even cases, on the duality invariants characterizing the non-BPS Z ^ 
attractors. More precisely, for these solutions the above restriction amounts 
to fixing an invariant overall phase of the complex dressed charges at radial 
infinity to the value it takes on the horizon. We argue that a refined ansatz 
could relax this restriction. 

The paper is organized as follows. In section two we recall the main facts 
about static, spherically symmetric black holes and introduce the prepoten- 
tial W, proving, in the extremal case, that it is monotonic. In section 3, 
which contains the main results of the paper, the general expression for W in 
the extremal case is given for > 3 extended supergravity, and also some ex- 
amples of = 2 solutions. Section 4, which includes the concluding remarks, 
contains a speculative discussion where the issue of a possible extension of 
the definition of the prepotential to the non extremal case is addressed. For 
a class of non extremal black holes we show that a first order formulation in 
terms of a prepotential W may exist and we find the corresponding descrip- 
tion in terms of first order differential equations. This generalizes the results 
in [IB] to the case of scalar-matter coupled gravity. 

2 Black holes as solutions to first order dif- 
ferential equations 

We will consider the class of theories described by the bosonic action [3]: 




+ 




(2) 
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where R is the scalar curvature, are a set of scalar fields and F gauge 
field strengths. grs{^), A/as($) s, ■ ■ ■ = I, ■ ■ ■ ,m) are matrices depending 
on the scalar fields. 

The most general Ansatz for a spherically symmetric and stationary met- 
ric is 

ds^ = e^u^^2_^^2uf ^rfr2 + ^rffi^y (3) 

\sinh (cr) sinh (cr) / 

The evolution coordinate r is related to the radial coordinate r by the fol- 
lowing relation: 

(dr \ ^ 
d^J ^ sinh^ (cr) " (r - ro)^ - = (r - r") (r - r+) . (4) 

r± being the radii of the two event horizons, with r+ > r_. Here c = 2ST 
is the extremality parameter of the solution, with S the entropy and T the 
temperature of the black hole. In the extremal case c — 0, eq. (jl]) reduces 

to r = — , where rw denotes the radius of the horizon. 

It is known [5] that by eliminating the vector fields via their equations of 
motion this system may be reduced to the following set of field equations for 
the metric function U{t) and the scalar fields $'^(t) in terms of the evolution 
parameter r: 

f/ = V^^{^,p,q)^^ , (5) 
+ r.,$^ = g-{^) ^^BH(^^;^'^^ e^^ , (6) 
together with the constraint 

where Vgjj($, p, q) is a function of the scalars and of the electric and magnetic 
charges of the theory defined by: 

V^^ = -\q'M{U)Q, (8) 



dr^ 
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and Q is the symplectic vector of quantized magnetic and electric charges 
Qt _ ^pK^ gj^y J\A{Af) is the symplectic matrix defined in terms of the gauge 
field-strengths kinetic matrix A/'as($): 

,,,,r, f ImA/" + ReAflmAf-^ReAf -ReAflmAf-^ \ 
= [ -ImAT-ReAT ImAT- ) ' 

The field equations ([6]) can be extracted from the effective one- dimensional 
lagrangian: 

A/,= (^j +2^.^^ + llBH(*,P,.)e- (10) 

constrained with equation ([7]). 

We are going to show that the second order field equations ([5]), can 
in fact be derived by a first order system, for a large class of extremal and 
non-extremal black holes, by performing the following Ansatz [T3j: 

= e^iy($,r), (11) 

where is a function of the scalar fields (depending on the quantized charges 
and r) and explicitly of r; the derivative is performed with respect to the 
evolution parameter r. We argue that the extremal case corresponds to 

d^W = Q W = W{^), (12) 

while for non extremal black holes, in those cases which admit a first order 
description, an explicit dependence of on r should be included. 

2.1 Extremal case 

Let us consider in detail the extremal case c = 0. In this case eq. ffTTl) 
becomes 

U = W{^)e^. (13) 
Differentiating (1131) with respect to r gives 

t) = {U f + We^ = e^^ + We^ , (14) 
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where 

W = ^'drW . (15) 
Comparing eq. (fT^ with ([5]) we find the following expression for Vbh'- 

Vbh = W^ + e-^W. (16) 

Moreover from eqs. ([5]) and (jTj) one finds: 

U - [Uf = \9rs^''^' = ^'drWe'' , (17) 

while eq. f lMl) can be recast in the form: 

t) -{Uf = We^ = ^'drWe^ . (18) 

It follows that, for <i>^' 7^ 0, is solved forH: 

= 2e^g''dsW. (22) 

Eq. ( I22I) is reminiscent of the BPS condition; for a given W it relates the 
evolution of the scalar fields on the corresponding configuration to the partial 
derivative of the prepotential W with respect to the scalar fields. Note in 
particular that the fixed points for are in direct relation with the extrema 



■^To be precise, the most general solution to the constraint (fT7|) would be: 

= 2e^5''"9,M^ + a''($,T), (19) 

where — P'^^hg and P''s = {^5^ — ^7^) ^ projector orthogonal to <!>''. In this more 
general case the effective potential would include one additional term: 

Vbh = + 2drWd''W -^e-^'^ara'' . (20) 

For ^ 0, however, the attractor condition at the horizon becomes 

lim drW = -\e-^oir{T -00) 7^ . (21) 

As we will see in the following (see eq. (HU), such deformation is immaterial since it gives 
for the entropy the same value V\extr = W^\extr as for the case with a'" = 0. It could 
instead play a role in more general situations, for example when considering black-holes 
out of extremality, where the effect of a*" would be to effectively deform the constant 
non-extremality parameter into a function C^{^, r) = + ia^a'^. 
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of W. Together with (fTTj) and (fT^ . (1221) allows to express the field-equations 
in terms of a first order system. Indeed, using (122]) the effective potential 
reads [14J 

= + 2 g'' drW dsW . (23) 

By inserting eq.s (1221) and (123|) in the second order evolution equation for 
the scalars, eq. (Q, we find that it is identically satisfied. This shows that, as 
far as the scalar sector is concerned, the system of second order differential 
equations (jS]) is in fact a first order system once expressed in terms of the 
prepotential W. Moreover, given any explicit expression for W, also the 
space-time metric may be found as solution of a first-order equation (|T3|) . 
Furthermore, the effective potential (1231) is extremized for 

= drVBH = 2 dM {W5l + 2g''Wrd,W) = , (24) 

that is the fixed points for the scalars (corresponding to extrema of W) are 
also extrema of the potential Vbh- Since the black-hole horizon is identified 
as the fixed point of the scalars, in this formulation it is directly related to 
the extrema of W (that are in particular also extrema for Vbh- The BH 
entropy then reads, in terms of W , as 

SbH = VbhUxIt = W^lextr (25) 

Furthermore, let us observe that from the evolution equations above, together 
with the boundary condition on U at spatial infinity {U{t = 0) = 0), it is 
easy to deduce that W and W"^ are monotonic functions, both decreasing 
along the evolution from spatial infinity towards the horizon. Indeed, if we 
define the function 6(r) = — ^e~^, as in [7J, the conditions of regularity of 
the solution at the horizon and of fiatness of space-time at radial infinity, 
imply the following limiting behaviors: 

r ^ -oo : b{r) — > rn + 0{t-^) (26) 

r^O- : b{T) ^ -- + Madm + Oir) . (27) 

r 

Since = —rb, using the first order equations we may write 

W = -^e-^ = ^{rb) = b + Tb, (28) 
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which imphes the following asymptotic limits for W: 



lim W 



Th = Mbr , 



lim W 



Madm > Mbr , 



(29) 



where Mbr denotes the Bertotti-Robinson mass parameter associated with 
the near-horizon geometry. Let us now show that W is monotonic: 



where we have used eq. ( I23i) and the first order equations. We conclude 
that is a positive monotonic function decreasing from the value Madm at 
radial infinity, towards the value Mbr < Madm at the horizon. In [19] it was 
shown that for static, spherically symmetric black holes a monotone function 
A{r) always exists such that A^rn) = Sbh, with A{r) decreasing towards the 
horizon. For the extremal case, W"^ then appears as the appropriate quantity 
to play the role of the c-function. 

3 The prepotential for extremal solutions of 
extended supergravity 

It is our purpose to show that when the extremal black hole is a solution of 
an > 2 extended supersymmetric theory, where the scalar manifold is a 
coset G/H, it is possible to find a general expression for W which reproduces 
all the known results concerning the BPS and non-BPS attractor points of 
the theory (see [2] for a review collecting all the solutions in four dimensions). 
Our results may be extended to the N = 2 case when the special geometry 
is described by homogeneous spaces. For more general models a case by case 
inspection is necessary. Some N = 2 examples have been given in |14j . 
We propose the following: 



where cm G 1R are related to the invariants of the isotropy subgroup H 
built in terms of the complex central and matter charges. Such invariants 
indeed can be expressed in terms of the skew eigenvalues of the matrix of 





(31) 



M 
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central charges Z^b and of the norm of the matter charge vectors Zi that 
we collectively call {cAf}- 

The real coefficients a^^ can be computed by requiring that the potential 
fl23|) . with W given by fl3Tl) . reproduces the general form taken by the effective 
scalar potential for any extended supersymmetric theory: 

Vbh = \zabZ^'' ^ZiZ' . (32) 

Here and in the following A, B are SU(iV) R-symmetry group indices while 
the indices /, J label the fundamental representation of the matter group 
when present (namely U(3) for = 3 and S0(6) in the iV = 4 case). 
Since fl23|) involves the gradient of the prepotential W , the evaluation of Vbh 
requires the knowledge of the differential relations among central and matter 
charges, for which we refer to |2] . In general, since the equations in the 
a*^ are quadratic, their sign is not fixed in principle, but it can be fixed by 
requiring that the prepotential W is extremized on the black-hole horizon 
drW\hor = 0. 

It was observed in [H] that for any Vbh it should exist a multiple choice 
of W. Here, using the ansatz (l3Til we give the explicit expression and the 
precise number of independent prepotentials for any given extended theory. 
Indeed, as we are going to show by a case by case analysis, there are in 
general up to three independent choices of {a*^} all reproducing the same 
Vbh- The various independent solutions for W will reproduce the known 
different BPS and non-BPS solutions for any given theory. Any independent 
choice of {a^^} would then parametrize a different black-hole solution. 

We may then adopt two equivalent points of view to find the different 
extremal black-hole attractors: either we study the extrema of Vbh, or alter- 
natively we consider the possible inequivalent choices of W compatible with 
the expression (132|) for Vbh- 

We first analyze the A^-odd cases, which are easier because the central and 
matter charges in normal form can all be made real. The cases with A^ even, 
which in general also include a solution with complex charges (corresponding 
to a negative fourth-order invariant of the duality group G) will be analyzed 
afterwords. 
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3.1 The iV-odd cases 



Since these are the simplest cases, we shall describe the calculations in detail. 
In the A^-even cases the relevant results will be given. 

3.1.1 The = 3 case 

In the = 3 theory the scalar manifold is f/(3, n)/[f/(3) x U{n)] and the 
central charge matrix Zab = ~Zba, ^ = 1;2,3, and matter charges Zj, 
I = 1, ■ ■ ■ , n; the central and matter charges obey the differential relations 

VZ^B = PiabZ 

where Piab = PiAB,idz'^ {i = 1, - ■ ■ 3n) is the holomorphic vielbein of U{3, n)/[U{3) x 
U{n)], V denotes the U(l)-Kahler covariant and if-covariant derivative, 
where H is the isotropy group of the symmetric spaces G/H repres4nting 
the scalar manifold of the various N > 3 theories (see [21 [I5]). By a U{3) 
rotation it is always possible to put Zab in normal form 



ZAB = e\ -I e e M (34) 




while by a f/ (n) rotation the vector Zj may by chosen to be real and pointing 
in a given direction, say 

Zj = p5] p G K. (35) 
We then propose the following general expression for W: 
W = ae + bp 



^ZABZ^^' + b^Z^. (36) 

From the relation (|23l) one obtains: 

V = {a^ + ^2) (e2 + p2) ^ (37) 

In order to reproduce the general result (1321) . that written in normal form 
takes the form 

V = e' + p\ (38) 
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we must have: 



a2 + 62 = i, 

ab = 0. ^ ^ 



There are two different solutions to the system ( !39|) . namely 
1. a = 1, 6 = 0, implying 

1 / „ -T^AB 



W(^,) = e = -\/ ZabZ (40) 



2. a = and 6 = 1, which imply 



W^2) = P=\/ZjZ' . (41) 



Note that these two choices reproduce precisely the two independent solutions 
for the extremization of the black-hole solutions of = 3 supergravity [2]. 
The former solution, which implies: 

V.P^d) = ^ z'z^''PjAB,i (42) 

4VPIb^ 

is extremized for Zj = 0, Zab 7^ and corresponds to the BPS solution, with 
entropy S'(i) = W^-^^\extr = The second one gives 

V,W(^2) = i— Z'z^''PiAB,i (43) 

^yzjz' 

and is extremized for Zab = 0, 7^ corresponding to the non-BPS solu- 
tion, with entropy 5(2) = W^2)\extr = l^/P- 

Since we know that the potential fl32l) has two minima for the = 3 
theory, W(^i) and W(2) exhaust the possible minima of the general potential 
for this theory. This in particular implies that eq. cannot have further 
solutions coming from the vanishing of the second factor, as it can be easily 
shown by an explicit calculation. 
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3.1.2 The prepotential for the = 5 case 



In this case there are no matter muhiplets and the scalar manifold is the 
Kahler manifold SU{1, 5)/f/(5), spanned by the holomorphic vielbein Pabcd = 
PABCD,idz^ = eABCDEP^ (with A,i =,---5) and its complex conjugate 
pABCD ^ pABCD r^Yie central charges Zab = -Zba obey the differ- 
ential relations: 



VZa 



B 



-PabcdZ 



(44) 



Via a U (5) rotation they may be put in the normal form: 



Zab 





ei 





o\ 




-ei 













62 










-62 





\ 











(45) 



in terms of the two real (non negative) proper- values Ci and 62, which are 
related to the two U{5) invariants 



= ^Zab 



IZabZ^"" = (ei)2 + (62)' 
z'^'^ZcdZ''^ = ie,r + {e2r 



(46) 



by the inverse relation 



ei 

62 



h + V2/2 - It 



(47) 



According to equation (l3Ti) . we then propose for the prepotential W the form 

W = aiCi + 0262 . (48) 
Writing in normal form, that is 



Vie2 



P,i 62 

Pa ei 



(49) 
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Its holomorphic gradient in normal form is 

diW = iPi(aie2 + aaei) . (50) 

where Pj = Pi234,i is the component of the holomorphic scalar vielbein which 
appears in (jUl) when the central charge is in its normal form. Evaluating 
the potential using (jUj) gives, for the black-hole potential, 

Vbh = {al + 4) [(ei)^ + (ea)'] + 4aia2eie2 . (51) 

This reproduces the result for the black-hole potential of supersymmetric 
theories, V = Ii, for 

aia2 =0 

This system has, essentially, only one independent solution that, with our 
choice ( 117|) of proper-values (which implies ei > 62) is 

ai = 1 , 02 = (53) 

giving W = ei, which is extremized for ViW = 62 = 0. It is a BPS solution. 
Note that the extremization of the scalar potential (1511) gives 

diVsH = 2dkW {6lW + 2g''~^V,djW) = 0, (54) 

since, from fISUl) . VidkW = 0. It may be easily shown by explicit calculation 
that there are no other solutions to diVsn = besides diW = from which 
we conclude that also in this case the extrema of W give all the extrema of 
Vbh. 

3.2 The A^-even cases 

In the cases with = 3 and N = 5 supercharges the central and matter 
charges Zm = {Zab, Zj} in normal form may be chosen all real and non 
negative. On the other hand, in the A^-even cases the normal form of the 
Zm contains in general an unfixed overall phase. Since our choice (1311) of the 
prepotential is given only in terms of the moduli of the charges, the solution 
for the coefficents a^^ in fl3Tl) which reconstruct the effective potential Vbh 
implies in particular that the phase must be fixed at certain values all over the 
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moduli space. This value is actually the one corresponding to the attractor 
condition at the horizon. 

Our general ansatz fl3T]) can then be considered as the minimal one repro- 
ducing correctly all the attractor points of static extremal black-hole solutions 
in extended four dimensional supergravity. We argue that a refined ansatz 
could relax the fixing of the phase before extremization. 



3.2.1 The prepotential for the = 4 attractors 

In this case the scalar manifold is the coset space 



^'^ = -mTT S0{6) X SO{n) 



and the relations among central and matter charges are 

' J^ABI + 2^ 



9^ Pabi + ZjP. 



\dZab 
1 DZi 



Z Pabi + hZ ^abcd P , 

AB^ ^ ^ (56) 



We recall that for this theory the vielbein Pabi satisfies the reality condition 



^ABI 



p^^^ — ( TD \* _ I^ABCDtdI 

= [rABi) - 2^ ^CD- 

Using the U(l) x S0(6) ~ U(4) symmetry of the theory we can bring the 
central charges into their normal form [16] 



MB 








Zi 





\ 




-Zi 






















Z2 


v 








-Z2 


/ 



(57) 



where the graviphoton skew-eigenvalues Zi, Z2 can be chosen real and non- 
negative, thus coinciding with their modulus Z12 = 2I = 61^2- Further, 
using an SO(n) transformation it is also possible to reduce the vector of 
matter charges in such a way that only one real and one complex matter 
charge are different from zero. Let us call them Zj = pie^^' , / = 1,2 (with 
the proviso that one of the phases may be always put to zero). 
We consider a prepotential W of the form: 

2 

W = ai ei + a2 62 + ^ bj pj . (58) 

7=1 
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It encodes the H and G (moduli-dependent) invariants: 



h 



\ZabZ 



2 

h = ZiZi = pipi , 
[h = Re{ZiZi) . 



—AB 

BC , 



(ei)^ + (e2)^ 



Z arZ ZnriZ 



DA 



(59) 



The potential is related to W by eq. ( l23l) . In order to compute the 
derivatives of W we rewrite, as usual, the differential relations in normal 
form, where P = P^idz^ is the Kahlerian vielbein of SU(1, 1)/U(1) while 
Pi2i = Pi {P341 = P121) are the components of the (non Kahlerian) vielbein 
SO(6,n)/SO(6) X SO(n): 




ZPn + Z^P, 

Z^Pu + Z^P, 

Z.Pu + Z^Pii + ZiP. 



(60) 



We then find: 

A 

Br 



P^iA + Pu,^BJ + Pu,^BI 

' (ai 62 + (32 ei) + ^ bjpj e^' 



01 



(61) 



In terms of the above quantities the potential reads: 



W\? + 



+ ^{h]-h] + 2ai a2 cos(2 Oi)) p] + 

+2IZ1IIZ2I i^aia2 + ^h] cos(2 0^)j + 
+4:^\Zi\pihi (ai + as cos(2^/)) + 
+4^1^21^/6/ {a2 + ai cos(2^/)) + 



+26162P1P2 (cos 2 (01 -^2) + !) , 



(62) 
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where we have defined: | |a| p = + a^, \\b\ p = J2i Since the potential in 
terms of the central charges in the normal form reads 

V = |Zl|2+|Z2p + ^p^ (63) 

I 

the coefficients a^, bj and the phases have to be chosen in such a way that 
the cross terms in the central charges in fl62|) vanish and the coefficients of 
the square norm of the central charges be equal to one. This implies that: 

r ||a||2+||6||2 = l, 

bj-b'^j + 2ai 02 cos(2 Oj) = 0, ^1 ^ J , 

2 ai 02 + bj cos(2 9i) = 0, . .s 

bi{ai + a2 cos{2 9 1)) = V/, ^ ' 

6/(a2 + ai cos(2^/)) = V/, 

6162 (cos2 (01-^2) + 1) = 0. 

In the following we choose normal form of the matter charges so that 62 = 0. 
The above conditions can be explicitly solved giving three independent solu- 
tions for the coefficients. Consequently we have three different prepotentials, 
each characterizing a different attractor solution. The inequivalent solutions 
are: 

1. oi = 1, 02 = 0, 6/ = or ai = 0, 02 = 1, bj = 0, V/. 
The prepotential reads: 

W^i) = Wbps = ei . (65) 
The attractor condition for this solution gives indeed, from (I6T]) : 

diW^i) = ^ 62 = PI = 0. (66) 
This corresponds to the BPS attractor, with entropy Si = W^^^^^^ = e\. 

2. ai = 02 = -^bi = \, 62 = 0, 61 = |. The complete choice of the 
prepotential, fixed by the attractor condition at the horizon, gives: 

Wi2) = ^(ei + e2 + v^pi), (67) 
which is indeed extremized for: 

ei = 62 = e ; Zi=i = V2ie ; Zi=2 = . (68) 
The entropy is given by S2 = Wl^^^ = 4e^. 
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3. Oi = 02 = 0, bi — b2 — ^ , Oi — ^. The prepotential reads 

W(3) = ;^(Pi + P2). 

The extremum condition for this solution is 

ei = 62 = Zi=2 = iZi=i = p . 
The entropy is S3 = W^^^^^ = p^. 

3.2.2 The prepotential for the N — 6 theory 



(69) 



(70) 



In this case the scalar manifold is SO*{12)/U{6), spanned by the holomor- 
phic vielbein Pabcd = PABCD,idz' = \eABCDEFP^^ (with A = l,---6, 
i = 1, ■ ■ • 15) and its complex conjugate p^^'^^ = P^^^^^"^ dz^. The central 
charges of this theory are split into an antisymmetric matrix Zab = —Zba 
and a singlet X. They obey the differential relations 



^ Zab — \PabcdZ + ^eABCDEpP X 
VX = ^^abcdefP Z 



(71) 



The singlet complex charge X may be parametrized as X = pe'° (with 
p G 1R+, a G IR). On the other hand the antisymmetric matrix Zab may be 
put in the normal form via a U (6) rotation: 



Zab 



f 





Zi 











o\ 




-Zi 




























Z2 
















-Z2 




























Z3 
















-Z3 





(72) 



in terms of the three proper- values Zi, Z2, Z3. In the normal form they may 
indeed be chosen real and non negative Z^ = \Za\ = (« = 1) 2, 3). 
The four parameters ea,p are related to the four t/(6) invariants: 
-ab 



h 
h 
h 
h 



\ZabZ 
XX 



1 7 -yBC -^DA 

— \ZabZ Z, 



(ei)^ + (e2)^ + (e3)^ 



(73) 



CD 



EF 



(ei)^ + {e^f + (ea)^ 
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Writing the differential relations among the dressed charges fl71l) in normal 
form, we find a simple expression for the holomorphic derivatives of the skew- 
eigenvalues Cq,, namely: 

'V^ei = i (Pi,.e2 + P2,^pe- + Ps.^eg) 

ViCa = i (Pl,^el + P2,^e3 + P3,iPe^ 

< V.eg = i (Pl,^pe^° + P2,,e2 + Ps.iCi) (74) 

Vip = ie''^ (Pi,ie3 + P2,^el + P3,.e2) 

^ Via = ^e'° (Pi,ie3 + P2,^ei + P3,,e2) 

where Pi,i = Pi234,i, P2,j = P3456,i, P3,i = Pi256,i are the components of the 
scalar vielbein appearing in (!74l) when the central charge is written in normal 
form. We then propose, for the prepotential W, the form: 

W = aiCi + 0262 + 0363 + bp , (75) 

giving, for its holomorphic gradient in normal form: 

ViW = ^jPi,, [aie2 + aaei + e^"(a3p + 663)] + 
+P2,i [0263 + 0362 + e'"(aip + bei)] + 
+P3,i [0163 + 0361 + e'''(a2p + 662)] I . (76) 

Using eqs. (ITill and eq. (1751) . the right-hand side of (l23ll takes the following 
form: 

VT^ + 4 (/^^a^l^oLiy = {al + al + al + b^) (e? + ej + el + b^) + 

+2eie2 (aia2 + a^b cos a) + 2e3p(aia2 cos a + 036) + 
+26263(0203 + aib cos a) + 2eip{a2a^ cos a + aib) + 
+26361(0301 + 02&COSQ;) + 262p(o30i cos a + 026()77) 

which reproduces the result for the black-hole potential of supersymmetric 
theories, 

= Ji + J2 = 6? + 6^ + 6^ + p2 (78) 
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if: 



' al + al + al + b"^ 


= 1 


aia2 + a^b cos a 


= 


a\a2 cos a + 036 


= 


aiOs + 026 cos a 


= 


oiOa cos a + 


= 


0203 + Oifecosa 


= 


0203 cos a + flifo 


= 



(79) 



This system, together with the requirement of the existence of an attractor 
at the horizon, allows three inequivalent solutions, all of which requiring the 
phase of the singlet charge to be fixed, when the system is in normal form, 
by cos^ a = 1. 

1. tti = 1, 02 = 03 = 6 = (or, equivalently, for ai 02 ^ 03). 
In this case the prepotential encoding the solution has the form: 

(80) 
0. The 



(1) 



ei 



which is extremized (see (I76p ). for ci 
Bekenstein-Hawking entropy is: 



e, 62 



P 



extr 



(81) 



This is the BPS solution. 



2. Oi = 02 = 03 = 0, 6 = 1. 

In this case the prepotential is: 

It is extremized for ei = 62 = 
The corresponding entropy is: 



= p=VxX. (82) 
63 = 0, and it is a non-BPS solution. 



V(2)| 



extr 



P 



(83) 



3. Oi = 02 = cts 
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This solution requires that the phase of the singlet charge X be fixed 
to q; = tt: X — —p. We then have: 

fW^(3) = |(ei + e2 + e3 + p) 

\ a — TT . ^ ^ 

W is extremized for: ei = 62 = = e, X = —e. In this case the 
entropy is 

%|extr- = 4e2 (85) 
This is also a non-BPS extremal solution. 

Note that since the bosonic sector of the = 6 theory also describes an = 
2 model, the three solutions above are also solutions of the equivalent N — 2 
model based on the coset SO*(12)/U(6). In this case, however, the singlet 
charge X is the central charge corresponding to the N = 2 graviphoton, while 
the Zab are matter charges, so that the first two solutions are interchanged 
in the N = 2 version: the first one is non-BPS while the second one is the 
BPS solution. 



3.2.3 The prepotential for the = 8 theory 

The scalar manifold of the N — 8 theory is E7(_7)/SU(8) 



It is not a Kahler 

EFGH 



manifold, and it is spanned by the vielbein Pabcd = ^^abcdefghP 
(with A — 1, • • • 8). The central charges of this theory belong to an antisym- 
metric matrix Zab — —Zba- They obey the differential relations: 



VZ 



AB 



-^rABCD^ 



(86) 



Since for this theory, differently from the other four dimensional cases, the 
holonomy group does not contain a C/(l) factor, when the antisymmetric 
matrix Zab is put in normal form, via an SU (8) rotation, it still depends on 
an overall phase. Therefore we can write: 



'AB 



e'4 











0\ 





62 














63 





Vo 








64 ) 



1 
-1 



(87) 
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in terms of the four real (non negative) skew-eigenvalues Ci, 62, 63, 64 (e^ 



\Zr\,r = 1, ...,4) and of the phase a. The moduli of the skew-eigenvalues 
are related to the following SU(8) invariants: 

—AB 

2^" 



= \ZabZ ZcdZ 



DA 



h 
h 

. Ia = \ZabZ ZcdZ ZefZ ZquZ 



I7 ^BC- ^Di? -FA 
2^AB^ ^CD^ ^EF^ 



ei)^ + (62)^ + (es)^ + (64)^ 

(ei)« + {e^f + (e3)« + (64)^ 



The differential relations among the dressed charges still have a simple ex- 
pression when written in terms of the skew-eigenvalues. We find indeed: 




Re 
Re 
Re 
Re 



e"'t (Pl,re2 + P2,re-i + ^3,464) 

e-'t (Pi^^ei + P2,re4 + ^3,163) 
e-'t (Pi_^e4 + P2,r.ei + P3,ie2) 
e"'t (Pi^^es P2,re2 + Ps.jCi) 



(89) 



where Pi,i = Pi234,i, P2,j = Pi256,i, -Ps.i = -P3456,j are the components of the 
scalar vielbein appearing in fl5^ when the central charge is written in normal 
form. 

We then propose, for the prepotential W , the form 

W = aid + 0262 + 0363 + a4e4 , (90) 
giving, for its holomorphic gradient in normal form: 

VW = RejPi [e"'t(aie2 + 0261) + e'^(a3e4 + 0463)] + 
+P2 [[e"'2(aie3 + 0361) + e' 2 (0264 + 0462)] + 
+P3 [[e~'t (0164 + 0461) + e't (0263 + 0362)] I , (91) 

where Pi,P2,P3 are the scalar vielbein 1-forms in normal form. Using (186|) . 
eq. (pOj) gives, for the right-hand side of (l23ll : 



(88) 



(a? + al + +al + aj) {ej + el + el + ej) + 
+26162(0102 + 0304 cos a) + 26364(0102 cos a + 03O4) + 
+61 ^ 62 63 64 ^ 61 . (92) 



This reproduces the result for the black-hole potential of supersymmetric 
theories, 

V = Ii = el + el + el + el, (93) 
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if 



' + a| + +03 + al 


= 1 


aia2 + 0304 cos a 


= 


aia2 cos a + 0304 


= 


< aia^ + 0204 cos a 


= 


0103 cos a + 0204 


= 


a2'33 + aia^ cos a 


= 


0203 cos a + aia4 


= 



(94) 



This system is formally equivalent to fl79l) if we replace 04 with the singlet 
coefficient b and if the overall phase in Zab is reinterpreted as the = 6 
singlet phase. The solutions can be found following the N = 6 approach, 
paying attention to the fact that since here we consider the four charges on 
the same footing, the BPS and the first non-BPS solutions of the = 6 case 
become equivalent in the N = 8 version and correspond both to the BPS 
solutions of the = 8 case. Therefore now the system allows only for two 
inequivalent solutions. 

1. All the a'jS vanish except one, say ai: oi = 1, 02 = 03 = 04 = 0. 
In this case the prepotential encoding the solution has the form: 

= ei, (95) 

which is extremized (see f l9T|) ). for ei = e, 62 = 63 = 64 = 0. The 
Bekenstein-Hawking entropy is: 

V^l)\extr = e\ (96) 

This is the BPS solution. 

2. CLi = 02 ~ '^3 ~ '^4 ~ ^• 

This solution requires that the overall phase of the central charge in 
the normal form be fixed to a = vr. We then have 

1^(2) = i(ei + 62 + 63 + 64) 

\ a = n 

which is extremized for ei = 62 = 63 = 64 = e, a = tt. In this case the 
entropy is 

V(2)|extr = 4e2 (98) 

This is a non-BPS extremal solution. 
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3.2.4 The = 2 case 



The vector multiplet moduh space of = 2 theory is given by special ge- 
ometry, and aUows cr-models which are not in general homogeneous spaces. 
Since our ansatz for W is given in terms of invariants of the representation 
of the isotropy group of the scalar manifold which the dressed charges be- 
long to, a general result here is not easy to obtain. However, we know that 
the scalar manifold is embedded in the coset J^sk C Sp{2n + 2)/U{n + 1) 
due to the symplectic embedding. The n + 1 dressed charges (Z, Zi) = Za 
compose a vector of f/(n + 1). For a general special manifold there are many 
(f/(n + 1)) invariants (the only request is to build coordinate invariants of 
Kahler weight zero) which can be constructed in terms of Z and Zi out of 
S'ij, C'ijfc, and their derivatives and products. 

For special manifolds which are coset spaces G/ H, the invariants are built 
in terms of the invariant tensors of iJ, and the result is found by a case by 
case inspection. 

In the minimal case SU{l,n)/U{n), where the Cijk = 0, the procedure 
to find the prepotential is straightforward. Indeed in this case we only have 
the 2 possible invariants = ZZ and = ZiZjg'^^, so that 

W = ae + bp. (99) 

Using the differential relations of special geometry on fl^I?]) we find 

= {a^ + b'^){e'^ + p'^) + 2abep (100) 

which coincides with the supersymmetric one 

Vbh = \Z\' + Z.Zjg'^ (101) 

for 

a^ + fo^ = 1 
ab = 

This system has two independent solutions corresponding 
tors: 

1. a = l, 6 = 0. In this case the prepotential encoding the solution has 
the form VF^ji) = e which is extremized for Zi = 0. The Bekenstein- 
Hawking entropy is 

V(l)|ex*r = e2 (103) 

This is the BPS solution. 



(102) 

to the two attrac- 
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2. a = 0, 6 = 1. W(^2) = P which is extremized for Z = 0. In this case the 
entropy is 



V(2)|extr = p' (104) 

This is a non-BPS extremal solution. 

As a second example we may analyze the special manifold SO*{12)/U{6) 
from the N = 2 point of view. In this case the flat index / is identified with 
the antisymmetric couple AB, and the C-tensor, with fiat indices is identified 
with the invariant tensor eABCDEF [IS]- We expect the following invariants 
to be involved: ZZ, Z^\ 'Z''^^ ZlZmCukC^^^'^ , \ZiZjZkC^-^^\'^. They 
are in fact related to the invariants of SO* (12) introduced in (1751) by: 

ZiZ' = h 



ZZ = h 

Z'Z-'ZlZmCijkC''^'' oc {II -h 



j-K^ ^ ^ ,\o . X (105) 



oc {II 

ZjZjZkC'''^\^ oc (/3- 3/1/3 + 4J4) 

We may then give for the prepotential exactly the same Ansatz fl75p as for 
the = 6 case with and p given in terms of the N = 2 invariants 
(11051) through fl73|) . finding exactly the same solutions as in section 13.2.21 
As already discussed there, the only difference is that, since in the N = 2 
interpretation the singlet X is in fact the central charge while the Zab = 
Zj are the matter charges, the meaning of the first two attractor solutions 
enumerated in section 13.2.21 is now interchanged: the BPS one is the second 
solution, while the first is now non-BPS. 
Other examples are given in [1] 



4 Concluding remarks and speculations on 
the non extremal case 

In this paper we have dealt with the problem of finding, in four dimensional 
extended supergravity, the analogue, for non-BPS extremal black holes, of 
the first order differential equations which encode the attractor mechanism 
for BPS black holes and which imply the second order field equations. 

We have given a general Ansatz for the prepotential W which reproduces 
all the known attractors in A^ > 3 extended supergravity. 
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In this concluding section, we discuss a possible extension of our analysis 
to the non extremal case c 7^ 0. In this more general situation, we may argue 
that a possible generalization of the expression for the prepotential W might 
include an explicit dependence on the evolution parameter r, that is: 

il = W{^,T)e^ . (106) 

Indeed, differentiating (IT^ with respect to r, we find: 

t) = {Uf + We^ , (107) 

where now: 

W = ^'drW + drW . (108) 

The (on-shell) expression for Vbh is still formally the same as for the extremal 
case: 

Vbh = W'^ + e-^W. (109) 
However, when inserted in ([7]) the above expression now gives (using (j5])): 

t) - {Uf = (^^"-drW + drW^ = ^grs^''^' - . (110) 



For 7^ 0, eq. (11 101) admits the particular solution 

<i.^ = 2e^g'''dsW 



;iii) 



The integration of the second equation in fillip gives 

W\^, U) = cV^^ + W^{^) . (112) 

Eq. fillip reproduces the correct description of non-extremal black holes 
near the horizon. Indeed, given the general form for the space-time 
metric, for r — > —00 the first order correction to a generic charged black-hole 
solution is 



so that 



Air \ 



W = --^e-^ = -cosh{cT)J— (114) 
dr V 47r 
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giving 




d^W = -csinh(cr)W = -cV^ . (115) 



Note that f lll4p may also be written as 

W^ = ^(l + smh\cT)) + c^e-^^ (116) 

which coincides with (11121) for Wq = 

For the non-extremal cases where eq.s (lllip hold, the field equations for 
the scalar sector are in fact still first order as for the extremal case. To show 
this, it is however necessary to make a slight modification to the effective 
potential. Indeed, using (lllip the effective potential reads 

Vbh = + 2g'^'drWdsW -c^e-^^ . (117) 

By inserting eq.s (lllip in the second order evolution equation for the scalars, 
eq. ([6]), we actually find an inconsistency. However, since the expression 
(11090 for the black-hole potential is an on-shell relation, any expression for 
Vbh given by 

Vbh = + 2g''drWdsW -c^e-'^^ + ae-^{drW + c^e-^) (118) 

is equivalent to (11170 . If we redo the calculation of the field equations for the 
scalars (jH]) with the parametric expression (11180 . we find that for a = 2 it is 
automatically solved when we use the Ansatz (11110 for For all the cases 
where eq.s (11110 hold, we then have the following expression for the effective 
potential in terms of W: 

Vbh = + 2g'''drWdsW + 2drWe-^ + c^e-^^ (119) 

By inserting the explicit expression (I112p in (I119p we find 

Vbh = W^ + 2g'-'^drWodsWo-—^-^^2g'-'drWodsWo.{m 

Note that the extrema of the prepotential W do not extremize Vbh, corre- 
sponding to the fact that for non-extremal black holes, the attractor mech- 
anism is not expected to be at work nor the horizon to be a fixed point for 
the scalar fields. 
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However, the expression (11201) for the effective potential has the feature 
of containing an exphcit dependence on the evolution parameter r. Such 
behavior could be acceptable for purely bosonic theories such as fake super- 
gravity pT| [18] . For black holes in supersymmetric theories this clashes with 
the request that the effective potential be identified with the general expres- 
sion ([H]), where it depends on r only through the scalars fields. We then have 
to assume that, in the supersymmetric case, (11201] is rigorously valid only 
for the "double non-extremal" cases of constant scalars. For more general 
solutions, at a finite distance from the black-hole horizon we then expect eq. 
( 11111) to receive corrections. For completely general non-extremal cases, we 
do not expect to have a first-order description in terms of a prepotential. 

As a final remark, let us recall that in the BPS case the effective lagrangian 
( ITUj) may be written in terms of a sum of squares, as discussed in [H [H]. We 
want to give a similar treatment for general extremal black holes and for all 
the cases where ( 11111) hold and the effective potential takes the form (I119p . 
To this aim, we consider the following quantity: 

K = {U -We^Y + ^grs{^' -2g''^diW){^' -2g''^dmW)>0 (121) 

Using (11191) we find: 



K 



(122) 



where 



R=- 



^(2e^iy)+c2 
dr 



dr 



(123) 



Eq. (11221) implies that the effective lagrangian Cejf is bounded from below: 

d 



C,ff>-^{2e^W + c'T) 



(124) 



The extremum value £, 



R is realized on-shell for 



U 



2g'-%W 



(125) 
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Under our hypothesis, flllll) . eq.s (11251) are always verified and (11241) then 
imphes, on-shell, that 

= -^(2e^W + cV) (126) 
is a topological quantity characterizing the extremal solution 

Son-shell = / drCeff = -[2U + cV];-o_^ = -2{Madm - c) + 2cV|_oo . 

J —oo 

(127) 

The non extremal infinite contribution from may be understood as a "vac- 
uum energy" contribution to the action. 

Our result generalizes the argument for "non-extremal but BPS solutions" 
discussed in [18] to cases where the scalar fields have a non trivial radial evo- 
lution. In [18], it is shown that the effective two dimensional model describ- 
ing the non-extremal but BPS black hole has a supersymmetric completion 
where the first order equations play the role of Killing spinor equations, even 
if there is an obstruction to the four dimensional uplift of this effective su- 
persymmetric model. It would be interesting to perform the same analysis 
for the class of non-extremal black holes defined by the first order equations 
( lllll) . This is left to a future investigation. 
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